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, ( ) ,
$\Gamma_{1}$ F2 . , $\Gamma^{(N)}$ $N$
(em’\Psi m) , .
$\dot{e}_{m}=-\frac{\Gamma^{(N)}}{4\pi}\sum_{j\neq m}^{N}\frac{\sin ej\sin(\Psi_{m}-\Psi j)}{1-\cos\Theta_{m}\cos\ominus_{j}-\sin\Theta_{m}\sin\ominus_{j}\cos(\Psi_{m}-\Psi j)}$, (1)
$\dot{\Psi}_{m}=-\frac{\Gamma^{(N)}}{4\pi\sin\Theta_{m}}\sum_{j\neq m}^{N}\frac{\cos\ominus_{m}\sin\ominus_{j}\cos(\Psi_{m^{-\Psi}j)-_{\sin e_{m}\cos\ominus_{j}}}}{1-\cos\ominus_{m}\cos\ominus_{j}-\sin\Theta_{m}\sin\ominus_{j}\cos(\Psi_{m}-\Psi j)}$
$+ \frac{\Gamma_{1}}{4\pi}\frac{1}{1-\cos\Theta_{m}}-\frac{\Gamma_{2}}{4\pi}\frac{1}{1+\cos\Theta_{\mathrm{m}}}$
. $m=1,2,$
$\cdots$ , N. (2)
(1) (2) [5] ,
Fm’Gm , 2N PN
$[0, \pi]^{N}\cross(\mathbb{R}/2\pi \mathbb{Z})^{N}$ .
$\frac{d\vec{x}}{dt}=\mathrm{F}(\tilde{x})$ .
, $\mathrm{F}:\mathrm{P}_{N}arrow \mathbb{R}^{2N}$ $\tilde{x}\in \mathrm{P}_{N}$ .
$\mathrm{F}:(\Theta_{1}, \cdots, \Theta_{N}, \Psi_{1}, \cdots, \Psi_{N})rightarrow(F_{1}, \cdots, F_{N}, G_{1}, \cdots, G_{N})$.
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, , [11].
$H=- \frac{(\Gamma^{(N)})^{2}}{4\pi}\sum_{m=1m}^{N}\sum_{<j}^{N}\mathrm{l}\mathrm{o}^{\mathrm{g}}(1-\cos^{\gamma_{m^{j}})}$
$- \frac{\Gamma_{1}\Gamma^{(N)}}{4\pi}\sum_{m=1}^{N}\log(1-\cos_{m})-\frac{\Gamma_{2}\Gamma^{(N)}}{4\pi}\sum_{m=1}^{N}\log(1+\cos\Theta_{m})$ . (3)
, z $I=$
$\Sigma^{N}m=1\cos\ominus m\text{ }$ $\yen \text{ }$ , .
$N$
. ( [11] ) ,
, [5, 6, 14] . ,
, [18] . -
, N ,
[9, 10, 12]. $N$ - (
N ) ,




. , Euler ,
, $N$ . ,
- , ,













, $[16, 17]$ $N$ . $N$
.
$\Theta_{m}=\theta_{0}$ , $\Psi_{m}=\frac{2\pi m}{N}$ , $m=1,2,$ $\cdots,$ $N$. (4)
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, (1) (2) - $V_{0}(N)$ .
$V_{0}(N)= \frac{\Gamma_{1}-\Gamma_{2}}{4\pi\sin^{2}\theta_{0}}+\frac{(\Gamma_{1}+\Gamma_{2}+2\pi)\cos\theta_{0}}{4\pi\sin^{2}\theta_{0}}-\frac{1}{\mathit{2}N}\frac{\cos\theta_{0}}{\sin^{2}\theta_{0}}$ .
.
$\Theta_{m}(t)=\theta_{0}+\epsilon\theta_{m}(t)$ , $\Psi_{m}(t)=\frac{2\pi m}{N}+V_{0}(N)t+\epsilon\varphi_{m}(t)$ , $|\epsilon|<<1$ . (5)
, $\theta_{m}$ $\varphi_{m}$ .




1. $m=0,1,$ $\cdots,$ $N-1$ , $\lambda_{m}^{\pm}\pm\sqrt{\xi_{m}\eta_{m}}$ .
,
$\xi_{m}=\frac{m(N-m)}{4\pi\sin\theta_{0}}$ , $\eta_{m}=\frac{m(N-m)}{4\pi\sin^{3}\theta_{0}}+B_{N}$ . (8)
(8) $\lambda_{m}^{\pm}=\lambda_{N-m}^{\pm}$ , $N=2M$
, $0$ $\lambda_{0}^{\pm}=0$ , $\lambda_{m}^{\pm}(m=1, \cdots, M-1)$ $\lambda_{M}^{\pm}$
. - $N$ $N=\mathit{2}M+1$ , $0$ $\lambda_{0}^{\pm}$ $\lambda_{rn}^{\pm}(m=1, \cdots, M)$
. . $i<i$ , $(\lambda^{\pm}.\cdot)^{2}<(\lambda_{j}^{\pm})^{2}$ ,
N , \mbox{\boldmath $\lambda$}\pm M - . ,
.
2. $m=1,$ $\cdots,$ $M=[N/\mathit{2}]$ ( $[x]$ ) , $\tilde{\psi}_{m}^{\pm}$ $\tilde{\phi}_{m}^{\pm}$ .







, \mbox{\boldmath $\lambda$}m\pm . , \mbox{\boldmath $\lambda$}M\pm
, $N=2M$ $\tilde{\psi}_{M}^{\pm}$ , $N=2M+1$
$\tilde{\psi}_{M}^{\pm}\text{ }$ . , .
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$N$ $2N$ $\mathrm{P}_{N}$
, . - \eta m BN
, ,
. , $(\vec{\phi}_{m}^{+}+\vec{\phi}_{m}^{-})/\mathit{2}$
$\text{ }(\vec{\phi}_{m}^{+}-\tilde{\phi}_{m}^{-})/2\mathrm{i}\text{ _{ } }$ , ,
. ,
$2N$ –2 , 2N ,
. .
3. $\zeta^{arrow}\pm=\ovalbox{\tt\small REJECT}_{2N}^{1t}(1,1, \cdots, 1, \pm 1, \pm 1, \cdots, \pm 1)$ $(\vec{\psi}_{m}^{\pm}, \zeta^{arrow}\pm)=0,$ $(\vec{\phi}_{m}^{\pm}, \zeta^{arrow}\pm)=0$
.
3
, $(\Theta_{1}, \cdots, \Theta_{N}, \Psi_{1}, \cdots, \Psi_{N})\in P_{N}$ $2\pi^{p}/N$ $r_{p}$ : $\mathrm{P}_{N}arrow \mathrm{P}_{N}$
$s_{p}$ : $\mathrm{P}_{N}arrow \mathrm{P}_{N}$ .
$r_{p}$ : $\Theta_{m}’=e_{m}$ , $\Psi_{m}’=\Psi_{m}+\frac{2\pi}{N}p$ mod $\mathit{2}\pi$ , for $m=1,$ $\ldots,$ $N$,
$s_{p}$ : $\Theta_{m}’=\Theta_{N-p+m}$ , $\Psi_{m}’=\Psi_{N-p+m}$ , for $m=1,$ $\ldots,p$ ,
$e_{m}’=\Theta_{m-p}$ , $\Psi_{m}’=\Psi_{m-p}$ , for $m=p+1,$ $\ldots,$ $N$ .
p \mbox{\boldmath $\sigma$}p \mbox{\boldmath $\sigma$}p=rpo sp . ,
$\sigma_{\mathrm{p}}$ : $\Theta_{m}’=\Theta_{N-p+m},$ $\Psi_{m}’=\Psi_{N-p+m}+$ , for $m=1,\ldots,p$ , (11)
$\Theta_{m}’=\Theta_{m-\mathrm{p}}$ , $\Psi_{m}’=\Psi_{m-\mathrm{p}}+$ , for $m=_{P+1N},\ldots,$ .




’for $m=1,$ $\ldots,p$ , (12)for $m=p+1,$ $\ldots,$ $N$.
, .
4. $\tilde{X}\in P_{N}$ , $\Sigma_{p}\mathrm{F}(\tilde{x})=\mathrm{F}(\sigma_{p}\tilde{x})$ .
$\sigma_{P}$ .
5. $N=_{Pq,p,q\in \mathrm{N}}$ $\sigma_{p}x(\neg 0)=_{\tilde{x}(0)}$ , (1) $(\rho)$
$\sigma_{p}\vec{x}(t)=\tilde{x}(t)$ .
$\sigma_{\mathrm{P}}$
; $k=0,$ $\ldots,$ $q-1$
$m=1,$ $\ldots,P$
$e_{k^{p+m}}(\iota)=e_{m}(\iota)$ , $\Psi_{k^{\mathrm{p}+m}}(t)=\Psi_{m}(t)+\frac{2\pi}{q}k$. (13)
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(13) $(_{k^{p+m}}, \Psi_{k^{\mathrm{p}+m}})(k=1, \ldots, q-1)$ $(_{m}, \Psi_{m})$
. N p







$\text{ ^{}6}.$. $N=\text{ }$ , $\text{ }s_{p}\text{ ^{}\backslash ^{\backslash }}\text{ }\iota\xi_{2_{P^{\text{ ^{}k^{q}}\text{ }}}^{ ^{}\vec{\phi}^{\pm}(\leq k^{q}}}\in \mathrm{N}\text{ }\mathit{1}\mathrm{s}^{\vec{\psi}_{k}^{\pm}}.\leq M$
), \mbox{\boldmath $\zeta$}\rightarrow $S_{p}$
6 $\sigma_{P}$ $2^{p}$ $P_{N}$ .
7. $N=_{Pq,p,q}\in \mathrm{N}$ . , $\sigma_{P}$ $P_{N}$ ($\mathrm{P}_{N}(\sigma_{p})$ )
$\tilde{x}=_{\tilde{x}_{0}+\sum_{\mathrm{k}}(a_{k}^{+}\vec{\psi}_{k^{q}}^{+}+a_{k}^{-\tilde{\psi}_{k^{q}}^{-}+b_{k}^{+}\tilde{\phi}_{k^{q}}^{+}+b_{k}^{-\tilde{\phi}_{k^{q}}^{-})\zeta^{\vee}+c^{-\zeta^{arrow-}}}}}+C^{++}$




. [16] , $\sigma_{2}$
, \theta o .
7 $\mathrm{P}_{N}(\sigma_{P})$ .
8. $P$ $q$ $N$ , $p$ $q$ . ,
$\sigma_{p}$ $\sigma_{q}$ . $P_{N}(\sigma_{p})\subset \mathrm{P}_{N}(\sigma_{4})$ .
, \mbox{\boldmath $\sigma$}p .
9. $N=_{Pq},$ $p,$ $q\in \mathrm{N}$ . $\sigma_{p}$ $\Gamma^{(\mathrm{p})}$ $P$
.
$H=- \frac{(\Gamma^{(p)})^{2}}{4\pi}\sum_{m=1m}^{p}\sum_{<j}^{p}\frac{1}{q}\sum_{l=0}^{-1}h(q-_{m},$$\ominus_{j},$ $\Psi_{mj}\Psi-\frac{2\pi}{q}l)$
$- \frac{\Gamma_{1}’\Gamma^{\mathrm{t}\mathrm{p})}}{4\pi}\sum_{m=1}^{p}1\mathrm{o}^{\mathrm{g}}(1-\cos\Theta_{m})-\frac{\Gamma_{2}’\Gamma^{\mathrm{t}\mathrm{p})}}{4\pi}\sum_{m=1}^{p}\mathrm{l}^{0^{\mathrm{g}}}(1+\cos\Theta_{m})$ . (14)
, $\Gamma^{(\mathrm{p})}=\Gamma^{(N)_{q}}$ , $\Gamma_{2}’$ .
$\Gamma_{1}’=\Gamma_{1}+\frac{1}{2}\Gamma^{(p)}(1-\frac{1}{q})$ , $\mathrm{r}_{2}’=\Gamma_{2}+\frac{1}{2}\Gamma^{(p\rangle}(1-\frac{1}{q})$ . (15)
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\mbox{\boldmath $\sigma$}p , N
$\mathrm{P}_{N}(\sigma_{2})$ . $I$ ,
. , $\vec{\psi}_{M}^{\pm}$ $\zeta^{\pm}$ , $I$











. , N=2M+1 1
$(\Theta_{1}, \Psi_{1})$ $\pi$ : $P_{N}arrow \mathrm{P}_{N}$ .
(1) $-\Psi_{1}$ , $(\Theta_{1}, \Psi_{1})$ 1 $xz$
: $(\Theta_{1}, \cdots, \Theta_{N}, \Psi_{1}, \cdots, \Psi_{N})rightarrow(\Theta_{1}, _{2}, \cdots, e_{N}, 0, \cdots, \Psi_{N}-\Psi_{1})$.
(2) $x$ $\pi$ . (
)
$(\Theta_{1}, \Theta_{2}, \cdots, e_{N}, 0, \Psi_{2}-\Psi_{1}, \cdots, \Psi_{N}-\Psi_{1})$
$rightarrow(\pi-\Theta_{1}, \pi-e_{N}, \cdots, \pi-\Theta_{2},0, \Psi_{1}-\Psi_{N}, \cdots, \Psi_{1}-\Psi_{2})$.
(3) $\Psi_{1}$ .
$(\pi-e_{1}, \pi-e_{N}, \cdots, \pi-e_{2},0, \Psi_{1}-\Psi_{N}, \cdots, \Psi_{1}-\Psi_{2})$
$rightarrow(\pi-\Theta_{1}, \pi-e_{N}, \cdots, \pi-e_{2}, \Psi_{1},\mathit{2}\Psi_{1}-\Psi_{N}, \cdots, 2\Psi_{1}-\Psi_{2})$ .
, \mbox{\boldmath $\pi$} :(em’\Psi m)\rightarrow (e’m’\Psi .
$\Theta_{1}’=\pi-\Theta_{1}$ , $\Psi_{1}’=\Psi_{1}$ ,
(16)
$\Theta_{m}’=\pi-\Theta_{N-m+2},$ $\Psi_{m}’=2\Psi_{1}-\Psi_{N-m+2}$ , for $m\neq 1$ .
$\mathrm{n}$ : $(F_{m}, G_{m})arrow(F_{m}’, G_{m}’)$ .
$F_{1}’=-F_{1}$ , $G_{1}’=-G_{1}$ ,




Figure 1: $\sigma_{2}$ (14)
. N . (a-d) N $=6$, (e-h) N $=10$
. , (a)
$0.6\pi,$ $(\mathrm{b})0.2\pi,$ $(\mathrm{c})-0.2\pi,$ $(\mathrm{d})-0.6\pi,$ $(\mathrm{e})1.5\pi,$ $(\mathrm{f})0.6\pi,$ $(\mathrm{g})0.0,$ $(\mathrm{h})-0.6\pi$ .
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10. $N=2M+1$ . $\Gamma_{1}=\Gamma_{2}$ , $\Pi_{\mathrm{O}}\mathrm{F}(\tilde{x})=\mathrm{F}(\pi_{O}\tilde{x})$ $\vec{x}\in P_{N}$
.
\mbox{\boldmath $\pi$} , .
11. $N=\mathit{2}M+1$ $\Gamma_{1}=\Gamma_{2}$ . $\pi_{\mathrm{o}}\vec{x}(0)=\vec{x}(0)$ ,
$\pi_{\text{ }}\tilde{x}(t)=\tilde{x}(t)$ .
, $\pi_{\mathrm{O}}$ .
$e_{1}= \frac{\pi}{2}$ $\Psi_{1}=0,$ $\Theta_{m}+e_{N-m+2}=_{\pi},$ $\Psi_{m}+\Psi_{N-m+2}=0$ , for $m\neq 1$ . (17)
, \mbox{\boldmath $\pi$} $\mathrm{P}_{N}$ .
12. $N=2M+1,$ $\Gamma_{1}=\Gamma_{2}$ $\vec{x}_{0^{=}}(\frac{\pi}{2}, \cdots, \frac{\pi}{2’}0, \frac{2\pi}{N}, \cdots, \frac{2\pi}{N}M, -\frac{2\pi}{N}M, \cdots, -\frac{2\pi}{N})$
. 2M
$\vec{x}=\tilde{x}_{0}+\sum_{k=1}^{M}(b_{k^{\tilde{\phi}_{k}^{+}}}^{+}+b_{k}^{-\dot{\phi}_{k}^{-)}},$ $b_{k}^{\pm}\in \mathrm{R}$ , (18)
\mbox{\boldmath $\pi$} . $\mathrm{P}_{N}(\pi_{o})$ .
, $2M$ ,
. $N$
. N PN(\mbox{\boldmath $\sigma$}p)
.
$\pi_{\mathrm{e}}$ : $(\Theta_{m}, \Psi_{m})arrow(\Theta_{m}’, \Psi_{m}’)$
, 1 .
$e_{1}’=_{\pi}-e_{1}$ , $\Psi_{1}’=\Psi_{1}$ ,
$\Theta_{m}^{j}=\pi-\Theta_{N-m+2},$ $\Psi_{m}’=2\pi+2\Psi_{1}-\Psi_{N-m+2}$ , for $m\neq 1$ .
$\Pi_{\mathrm{e}}$ ; $(F_{m}, G_{m})arrow(F_{m}’, G_{m}’)$
$F_{1}’=-F_{1}$ , $G_{1}’=-G_{1}$ ,
$F_{m}’=-F_{N-m+2},$ $G_{m}’=-G_{N-m+2}$ , for $m\neq 1$ .
. . ,
.
13. $N=2M$ . $\Gamma_{1}=\Gamma_{2}$ , $\vec{X}\in \mathrm{p}_{N}$ $\Pi_{e}\mathrm{F}(\tilde{x})=\mathrm{F}(\pi_{\epsilon}\tilde{x})$
.




$_{1}= \frac{\pi}{2}$ , $\Psi_{1}=0$ , $_{m}+\Theta_{N-m+2}=\pi$ , $\Psi_{m}+\Psi_{N-m+2}=\mathit{2}\pi$, for $m\neq 1$ . (19)
\mbox{\boldmath $\pi$} (17) , $\Psi_{m}$ $(\mathbb{R}/2\pi \mathbb{Z})$
, . - ,
$\pi_{\mathrm{e}}$ $P_{N}$ $2(M-1)$
.
15. $N=2M,$ $\Gamma_{1}=\Gamma_{2}$ $\vec{x}_{0}=(\frac{\pi}{2}, \cdots, \frac{\pi}{2},0, \cdots, \frac{2\pi}{N}(N-1))$ . , $\mathit{2}(M-1)$
$\tilde{x}=\vec{x}_{0}+\sum_{k=1}^{M-1}(b_{k}^{+}\vec{\phi}_{\mathrm{k}}^{+}+b_{k}^{-}\tilde{\phi}_{k}^{-})$ , $b_{k}^{\pm}\in \mathbb{R}$
$\pi_{\epsilon}$ , $P_{N}(\pi_{\mathrm{e}})$ .
.
16. . , $\pi_{\mathrm{e}}$
\mbox{\boldmath $\pi$} .
, , \mbox{\boldmath $\sigma$}p\mbox{\boldmath $\pi$}6 \mbox{\boldmath $\sigma$}p\mbox{\boldmath $\pi$}
.
17. , $N$ $p$ .
, \mbox{\boldmath $\sigma$}p\mbox{\boldmath $\pi$}\epsilon f(0)=f(0) , \mbox{\boldmath $\sigma$}p\mbox{\boldmath $\pi$}ex\rightarrow (t)=5(t) ,
\mbox{\boldmath $\sigma$}p\mbox{\boldmath $\pi$} $P_{N}$ ( $P_{N}(\sigma_{p}\pi_{e})$ ) .
$\tilde{x}=\tilde{x}_{0}+\sum_{k}(b_{k}^{+}\tilde{\phi}_{kq}^{+}+b_{k}^{-}\tilde{\phi}_{kq}^{-})$ , $b_{k}^{\pm}\in \mathbb{R}$ .
18. , $N$ $P$ .
, $\text{ }\sigma_{p}\pi_{o}\tilde{x}(0)=\vec{x}(0)\text{ }$, \mbox{\boldmath $\sigma$}p\mbox{\boldmath $\pi$} f(t)=xlE(t) ,
$\sigma_{\mathrm{P}}\pi_{\text{ }}$
$\mathrm{P}_{N}$ ( $P_{N}(\sigma_{\mathrm{p}}\pi_{\text{ }})$ ) .
$\vec{x}=\vec{x}_{0}+\sum_{k}(b_{k}^{+}\vec{\phi}_{kq}^{+}+b_{k}^{-}\vec{\phi}_{kq}^{-})$ , $b_{k}^{\pm}\in \mathbb{R}$ .
, , \mbox{\boldmath $\pi$} \mbox{\boldmath $\pi$}e
(17) (19) $I$ $0$ .
, N=6
N=12 , –
1 , 2 .
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Table 1: , $N=6$ 12
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Figure 2: (a) $N=6,$ $(\mathrm{b})N=7,$ $(\mathrm{c})N=8,$ $(\mathrm{d})N=9,$ $(\mathrm{e})$
$N=10,$ $(\mathrm{f})N=11$ and (g) $N=12$. $Aarrow B$ $B\subset A$ .
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